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Abstract
In this paper, we continue our previous study of the low energy effective theory
for D4-brane in the large C-field background. The gauge field part of the effective
action was found in an earlier work. In this paper, we focus on the matter field
part of the action and the supersymmetry transformation. Moreover, we calculate
the central charges of super algebra and extensively study BPS solutions of this
effective theory. The BPS states considered in this paper include light-like gauge
field configurations, the F1 ending on D4 solution, tilted D4-brane, BPS solution
with two types of magnetic charges (D2 ending on D4), holomorphic embedding of
D4-brane and the intersection of two D4-branes along a 2-brane.
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1 Introduction
The descriptions of M-theory are five superstring theories and 11-dimensional supergrav-
ity. They are related to each other from duality and dimension reduction [1]. For example,
the IIA superstring theory can be corresponded to the 11-dimensional supergravity com-
pactified on S1 circle [2]. The solitonic solutions of 11-dimensional supergravity are called
M2 and M5 branes, which play important roles as D-branes in string theory. Although
the description of M-theory is not known totally, the low energy effective theory of two
and five branes are known to be.
A recent progress was the construction of the low energy effective theory for a single
M5-brane in the large C-field background [3, 4, 5] 1 and its 1/2 BPS states [7]. We call
this theory to be the Nambu-Poisson M5-brane theory or NP M5 theory in short and
all known 1/2 BPS states have their counterparts in the absence of C-field background.
From the NP M5-brane theory, we can derive the low energy effective theory for D4-brane
in the large C-field background from double dimensional reduction (DDR) method [8].
This D4-brane effective action for a large C-field background is different from the
original DBI description [9]. This new D4-brane action has Nambu-Poisson structure as
the NP M5-brane theory. As it is well known, the effective action of D-brane in the large
NS-NS B-field background should be described by gauge theories on noncommutative
space [10, 11, 12]. A similar phenomenon also occurs in the low energy effective theory
for D4-brane in the large C-field background. The gauge symmetry of an NP M5-brane
is the volume-preserving diffeomorphism (VPD) [13], which is described by the Nambu-
Poisson bracket. After doing DDR on the worldvolume direction which is different with
the C-field background directions, we get an effective D4-brane with the C-field. Since
the C-field background is parallel to the D4-brane after DDR, it is natural to expect that
the D4-brane inherits the VPD symmetry. It is also expected that the geometry of this
theory is equipped with a 3-bracket structure [14, 15].
One purpose of this paper is to study more details of this effective action with matter
fields. The supersymmetry transformation of all fields and the modification of field
strengths from matter fields will be given in this paper. In the previous paper [8], we
did not write down the manifest supersymmetry transformation of all fields. The reason
is that we did not only do DDR from the NP M5-brane theory but also do electric-
1The large C-field limit for M5-brane was first considered in [6].
1
magnetic dual transformation of this theory. The supersymmetry transformation of new
fields in dual action cannot be directly obtained from DDR on the NP M5-brane. Hence,
we need to completely calculate the supersymmetry transformation of this dual action,
and find the supersymmetry transformation of these new fields to make the dual action
invariant. In this paper, we give all supersymmetry transformation of fields for this
effective theory, and also hope to give a starting point on the construction of Dp-brane
in the R-R (p− 1)-form field background.
In this paper, we also want to find 1/2 BPS states on D4-brane in the large C-
field background. Most of solutions on D4-brane are easy to be expected from M5-
brane. To simplify, we do not write down all details for these solutions. The BPS
configurations considered in this paper include light-like solutions, the F1 string ending on
D4-brane, tilted D4-brane, BPS solution with two types of magnetic charges, holomorphic
embedding of D4-brane and the intersection of two D4-branes along a 2-brane.
The plan of this paper is as follows. We review the D4-brane in the large C-field
background in Sec. 2 and the gauge symmetry and supersymmetry in Sec. 3. In Sec. 4
we show BPS configurations on D4-bane. But we do not show the details on the solutions
derived from the NP M5-brane theory for brevity. Finally, in Sec. 5 we conclude.
2 D4-Brane in Large C-field Background
To carry out DDR on the NP M5-brane theory along the x2-direction 2, we set
x2 ∼ x2 + 2πR, (1)
and let all other fields to be independent of x2. As a result we can set ∂2 to be zero when
it acts on any fields. Here R is the radius of the circle of compactification and we should
take R≪ 1 to let M5-brane reduce to D4-brane.
After we perform DDR on the x2 direction, we need to re-interpret the gauge fields
bµµ˙ and bµ˙ν˙ in the NP M5-brane theory from the viewpoint of D4-brane. The gauge field
bµµ˙ becomes two kinds of fields {b2µ˙, bαµ˙} after DDR, where α = 0, 1. We should identity
2The NP M5-brane theory is defined on six dimensional worldvolume, and we use the notation
{x0, x1, x2;x1˙, x2˙, x3˙} ≡ {xµ;xµ˙} to label these worldvolume coordinates. The C-field background is
given by C
1˙2˙3˙
dx1˙dx2˙dx3˙.
2
b2µ˙ as components of the one-form potential on the D4-brane,
bµ˙2 ≡ aµ˙. (2)
We use the same chirality condition with the NP M5-brane theory,
Γ0121˙2˙3˙Ψ = Ψ , Γ0121˙2˙3˙ǫ = −ǫ. (3)
2.1 Action
After performing DDR on the x2 direction, we get the low energy effective description
for D4-brane in the large C-field background [8]. The action of the gauge fields is
SD4gauge =
∫
d5x
{
−
1
2
H21˙2˙3˙ −
1
4
H22µ˙ν˙
−
1
4
H2αµ˙ν˙ +ǫ
αβ∂βaµ˙B
µ˙
α +
g
2
ǫαβFµ˙ν˙B
µ˙
α B
ν˙
β
}
, (4)
where we use the definition, ǫαβ2 ≡ ǫαβ .
The action of the scalar fields XI (I = 6, 7, 8, 9, 10) is
SD4X =
∫
d5x
{
−
1
2
Dµ˙X
IDµ˙XI −
1
2
∂αX
I∂αXI + gB µ˙α ∂µ˙X
I∂αXI
−
g2
2
B µ˙α B
α
ν˙∂µ˙X
I∂ν˙XI −
g2
8
ǫµ˙ρ˙τ˙ǫν˙σ˙δ˙Fρ˙τ˙F
σ˙δ˙∂µ˙X
I∂ν˙XI
−
1
2g2
−
g4
4
{X µ˙, XI , XJ}2 −
g4
12
{XI , XJ , XK}2
}
. (5)
The action of the fermionic field ψ is
SD4Ψ =
∫
d5x
{
i
2
Ψ¯Γα∂αΨ+
i
2
Ψ¯Γρ˙Dρ˙Ψ+ g
i
4
Ψ¯Γ2ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙Ψ− g
i
2
Ψ¯ΓαB µ˙α ∂µ˙Ψ
+g2
i
2
Ψ¯Γµ˙Γ
I{X µ˙, XI ,Ψ} − g2
i
4
Ψ¯ΓIJΓ1˙2˙3˙{X
I , XJ ,Ψ}
}
. (6)
The Nambu-Poisson bracket {·, ·, ·} is used to define the algebraic structure for gauge
symmetry. In general, it satisfies Leibniz rule and fundamental identity. It is defined by
{f, g, h} = ǫµ˙ν˙λ˙∂µ˙f∂ν˙g∂λ˙h. (7)
3
In the above, we used the notation
Bα
µ˙ ≡ ǫµ˙ν˙ρ˙∂ν˙bαρ˙, (8)
bµ˙ ≡
1
2
ǫµ˙ν˙λ˙bν˙λ˙, (9)
X µ˙ ≡
xµ˙
g
+ bµ˙. (10)
The covariant derivatives are defined by
DαΦ ≡ (∂α − gBα
µ˙∂µ˙)Φ, (Φ = X
I ,Ψ) (11)
Dµ˙Φ ≡
g2
2
ǫµ˙ν˙ρ˙{X
ν˙ , X ρ˙,Φ}, (12)
and the field strengths are defined by
Hαµ˙ν˙ ≡ ǫµ˙ν˙λ˙(∂αb
λ˙ −Bα
λ˙ − g∂σ˙b
λ˙Bα
σ˙), (13)
H1˙2˙3˙ ≡ g
2{X 1˙, X 2˙, X 3˙} −
1
g
= H1˙2˙3˙ +
g
2
(∂µ˙b
µ˙∂ν˙b
ν˙ − ∂µ˙b
ν˙∂ν˙b
µ˙) + g2{b1˙, b2˙, b3˙}. (14)
We also use the notation of Abelian field strength,
Fµ˙ν˙ = ∂µ˙aν˙ − ∂ν˙aµ˙. (15)
In fact, the field strength of D4-brane is deformed by the C-field background. The field
strength H2µ˙ν˙ can be understood as the deformed field strength on D4-brane,
H2µ˙ν˙ ≡ Fµ˙ν˙ . (16)
The remaining two field strengths Fαµ˙ and Fαβ are also deformed by the C-field back-
ground. Before discussing this issue, we should study how to find the remaining one-form
degree aα in this theory.
2.2 Electric-Magnetic Duality Transformation
From the viewpoint of D4-brane, there are one-form gauge potential aµ˙ and aα. The
one-form gauge field aα can be understood as the EM duality of bαµ˙. After 3-dimensional
4
EM dual transformation in xµ˙ spaces, the d.o.f of gauge field bαµ˙ (one form in x
µ˙ space)
can be re-interpreted into the d.o.f of gauge field aα (0-form in x
µ˙ space). Moreover, the
field B µ˙α can be understood as a new independent field B˘
µ˙
α which is not divergenceless.
The B˘ µ˙α is at most quadratic so it can be integrated out and re-expressed by the other
fields (bµ˙, aµ˙, aα, X
I ,Ψ) from the equations of motion.
The complete dual action is,
S[bµ˙, aA, B˘
µ˙
α , X
I ,Ψ] =
∫
d5x
{
−
1
2
Dµ˙X
IDµ˙XI −
1
2
∂αX
I∂αXI + gB˘ µ˙α ∂µ˙X
I∂αXI
−
g2
2
B˘ µ˙α B˘
α
ν˙∂µ˙X
I∂ν˙XI −
g2
8
ǫµ˙ρ˙τ˙ǫν˙σ˙δ˙Fρ˙τ˙F
σ˙δ˙∂µ˙X
I∂ν˙XI
−
g4
4
{X µ˙, XI , XJ}2 −
g4
12
{XI , XJ , XK}2
+
i
2
Ψ¯Γα∂αΨ+
i
2
Ψ¯Γρ˙Dρ˙Ψ+ g
i
4
Ψ¯Γ2ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙Ψ− g
i
2
Ψ¯ΓαB˘ µ˙α ∂µ˙Ψ
+g2
i
2
Ψ¯Γµ˙Γ
I{X µ˙, XI ,Ψ} − g2
i
4
Ψ¯ΓIJΓ1˙2˙3˙{X
I , XJ ,Ψ}
−
1
2g2
−
1
2
(H1˙2˙3˙)
2 −
1
4
Fν˙ρ˙F
ν˙ρ˙ −
1
4
(ǫµ˙ν˙ρ˙(∂αb
µ˙ − V µ˙σ˙ B˘
σ˙
α ))
2
+ǫαβ∂βaµ˙B˘
µ˙
α +
g
2
ǫαβFµ˙ν˙B˘
µ˙
α B˘
ν˙
β − ǫ
αβ∂µ˙aβB˘
µ˙
α
}
. (17)
Here, we define Vµ˙
σ˙ ≡ g∂µ˙X
σ˙.
B˘ µ˙α in the dual action is replaced by its EOM solution. The equation of motion for
B˘ µ˙α is
V ν˙µ˙ (∂
αbν˙−V
ρ˙
ν˙B˘
α
ρ˙)+ǫ
αβFβµ˙+gǫ
αβFµ˙ν˙B˘
ν˙
β +g∂µ˙X
I∂αXI−g
i
2
Ψ¯Γα∂µ˙Ψ−g
2B˘αν˙∂µ˙X
I∂ν˙XI = 0.
(18)
Its solution is
Bˆ µ˙α = (M
−1)µ˙ν˙ αβ(V
σ˙
ν˙ ∂
βbσ˙ + ǫ
βγFγν˙ + g∂ν˙X
I∂βXI − g
i
2
Ψ¯Γβ∂ν˙Ψ)
≡ (M−1)µ˙ν˙ αβW
β
ν˙ , (19)
where
M
αβ
µ˙ν˙ ≡ (Vµ˙ρ˙V
ρ˙
ν˙ + g
2∂µ˙X
i∂ν˙X
i)δαβ − gǫαβFµ˙ν˙ (20)
and (M−1)µ˙ν˙ αβ is defined by
(M−1)λ˙µ˙ γαM
αβ
µ˙ν˙ = δ
λ˙
ν˙δ
β
γ . (21)
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In this dual action, the field B˘α
µ˙ is not divergenceless. We expect that there are re-
maining terms proportional to ∂µ˙B˘α
µ˙ after we do gauge and supersymmetry transforma-
tion except for aα and B˘α
µ˙. (We use dimensional reduction to obtain the transformation
laws of other fields from M5-brane to D4-brane.) To make the dual action being invari-
ant, we should find gauge and supersymmetry transformation of aα and B˘α
µ˙ to cancel
these remaining terms. In next section, we show the details of gauge and supersymmetry
transformation of aα and B˘α
µ˙, which are not directly obtained from DDR on the NP
M5-brane.
3 Symmetry
3.1 Gauge Symmetry
The gauge transformation of fields is
δΛΦ = gκ
ρ˙∂ρ˙Φ (Φ = X
I ,Ψ), (22)
δΛbασ˙ = ∂αΛσ˙ − ∂σ˙Λα + gκ
τ˙∂τ˙bασ˙ + g(∂σ˙κ
τ˙ )bατ˙ , (23)
δΛb2σ˙ = −∂σ˙Λ2 + gκ
τ˙∂τ˙ b2σ˙ + g(∂σ˙κ
τ˙ )b2τ˙ , (24)
δΛb
µ˙ = κµ˙ + gκν˙∂ν˙b
µ˙. (25)
We expect that U(1) gauge symmetry on D4-brane can be examined from the gauge
transformations on the NP M5-brane theory [3, 4]. The gauge transformation parameter
Λ2 shall be identified with the U(1) gauge transformation parameter. This is consis-
tent with the identification of aµ˙ with bµ˙2. The gauge symmetry parameterized by Λµ˙,
i.e. volume-preserving diffeomorphism (VPD) symmetry still appears in the D4-brane.
Hence, we have gauge transformation on aµ˙,
δΛaµ˙ = ∂µ˙λ+ g(κ
ν˙∂ν˙aµ˙ + aν˙∂µ˙κ
ν˙). (26)
The gauge symmetry combines U(1) gauge symmetry and VPD symmetry.
3.1.1 Gauge Transformation of aα
The field aα was introduced by the dual transformation and its gauge transformation
rule has to be solved from the requirement that the dual action to be invariant. First,
6
we need to realize that Chern-Simons term must be gauge invariant by itself. The gauge
transformation 3 of the Chern-Simons term is
δΛ
(
ǫαβ∂βaµ˙B˘
µ˙
α +
g
2
ǫαβFµ˙ν˙B˘
µ˙
α B˘
ν˙
β − ǫ
αβ∂µ˙aβB˘
µ˙
α
)
= ∂µ˙B˘
µ˙
α ǫ
αβ
[
− ∂βλ− g
(
κσ˙∂σ˙aβ + aσ˙∂βκ
σ˙
)
+ δΛaβ
]
. (27)
Hence we get
δΛaβ = ∂βλ + g
(
κσ˙∂σ˙aβ + aσ˙∂βκ
σ˙
)
. (28)
In our formulation of the self dual gauge fields b, the components bµν do not explicitly
appear in the action. In [16, 17], the components bµν are used to explicitly exhibit the
self duality of the gauge field, and their gauge transformation are given by
δΛbµν = ∂µΛν − ∂νΛµ + g
[
κρ˙(∂ρ˙bµν) + (∂νκ
ρ˙)bµρ˙ − (∂µκ
ρ˙)bνρ˙
]
. (29)
Identifying bβ2 with aβ and setting ∂2 = 0 from DDR, we get exactly the same gauge
transformation rule as eq.(28) with Λ2 = λ.
We find the gauge transformation of aµ˙ (eq.(26)) and aα (eq.(28)) are of the same
form (A = α, µ˙)
δΛaA = ∂Aλ+ g
(
κν˙∂ν˙aA + aν˙∂Aκ
ν˙
)
. (30)
Let us also give the gauge transformation of Vν˙
µ˙, Mµ˙ν˙
αβ , Wµ˙
α and Bˆ µ˙α ,
δΛVν˙
µ˙ = gκλ˙∂λ˙Vν˙
µ˙ + g(∂ν˙κ
λ˙)Vλ˙
µ˙, (31)
δΛMµ˙ν˙
αβ = g
[
κσ˙∂σ˙Mµ˙ν˙
αβ + (∂µ˙κ
σ˙)Mσ˙ν˙
αβ + (∂ν˙κ
σ˙)Mµ˙σ˙
αβ
]
, (32)
δΛWµ˙
α = ∂βκ
σ˙Mµ˙σ˙
αβ + g
[
κσ˙∂σ˙Wµ˙
α + ∂µ˙κ
σ˙Wσ˙
α
]
, (33)
δΛBˆ
µ˙
α = ∂ακ
µ˙ + g
(
κν˙∂ν˙Bˆ
µ˙
α − Bˆ
ν˙
α ∂ν˙κ
µ˙
)
. (34)
3The gauge transformation of B˘ µ˙
α
is the same as B µ˙
α
. ( δΛB˘µ
µ˙ = ∂µκ
µ˙ + gκν˙∂ν˙B˘µ
µ˙ − g(∂ν˙κ
µ˙)B˘µ
ν˙ .)
7
3.1.2 Covariant Variable with U(1) and VPD Symmetry
In the original NP M5-brane theory, we have the covariant field strengths 4
H1˙2˙3˙ = ∂µ˙b
µ˙ +
1
2
g(∂ν˙b
ν˙∂ρ˙b
ρ˙ − ∂ν˙b
ρ˙∂ρ˙b
ν˙) + g2{b1˙, b2˙, b3˙}, (35)
Fµ˙ν˙ ≡ H2µ˙ν˙ = Fµ˙ν˙ + g
[
∂σ˙b
σ˙Fµ˙ν˙ − ∂µ˙b
σ˙Fσ˙ν˙ − ∂ν˙b
σ˙Fµ˙σ˙
]
. (36)
The covariant version of Fαµ˙ can be defined as
Fαµ˙ ≡
1
2
ǫβαǫµ˙ν˙λ˙H
βν˙λ˙. (37)
This is motivated by the intuition that Fαµ˙ corresponds to Hαµ˙2 in the NP M5-brane
theory. Replacing Bα
µ˙ by Bˆα
µ˙, we can rewrite Hβν˙λ˙ from Eq.(13) by the other fields.
(That is, we avoided to use ∂αb
µ˙ directly. The dependence on ∂αb
µ˙ only appears through
Bˆα
µ˙.) As a result, we have
Fαµ˙ ≡ V
−1 ν˙
µ˙
{
Fαν˙ + g
[
Fν˙ δ˙Bˆ
δ˙
α + ǫαβ∂ν˙X
I∂βXI −
i
2
ǫαβΨ¯Γ
β∂ν˙Ψ
]
− g2ǫαβBˆ
β
ρ˙ ∂ν˙X
I∂ρ˙XI
}
.
(38)
This is also in agreement with the definition of Hµνµ˙ defined in [16, 17].
By inspection, we can guess the covariant form of Fαβ.
Fαβ = Fαβ + g
[
− Fαµ˙Bˆ
µ˙
β − Fµ˙βBˆ
µ˙
α + gFµ˙ν˙Bˆ
µ˙
α Bˆ
ν˙
β
]
, (39)
where
FAB ≡ ∂AaB − ∂BaA. (40)
Unlike Fµ˙ν˙ and Fαµ˙, the components Fαβ cannot be directly matched with the field
strength Hαβ2 on M5-brane theory because it involves the fields that does not exist in
D4-brane.
4A field Φˆ is covariant if its gauge transformation is δΛΦˆ = gκ
µ˙∂µ˙Φˆ.
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3.2 Supersymmetry Transformation
The supersymmetry transformation of fields (except for aα and B˘
ν˙
β ) on D4-brane from
DDR is
δǫX
I = iǫΓIΨ, (41)
δǫΨ = DαX
IΓαΓIǫ+Dµ˙X
IΓµ˙ΓIǫ+
1
2
gǫµ˙ν˙ρ˙Fν˙ ρ˙∂µ˙X
IΓ2ΓIǫ
−
1
2
Fν˙ρ˙Γ
2Γν˙ρ˙ǫ−
1
2
Hαν˙ρ˙Γ
αΓν˙ρ˙ǫ−
(
1
g
+H1˙2˙3˙
)
Γ1˙2˙3˙ǫ
−
g2
2
{X µ˙, XI , XJ}Γµ˙Γ
IJǫ+
g2
6
{XI , XJ , XK}ΓIJKΓ1˙2˙3˙ǫ, (42)
δǫbµ˙ν˙ = −i(ǫΓµ˙ν˙Ψ), (43)
δǫaµ˙ = i(ǫΓ2Γν˙Ψ)(δµ˙
ν˙ + g∂µ˙b
ν˙)− ig(ǫΓ2Γ
IΓ1˙2˙3˙Ψ)∂µ˙X
I . (44)
3.2.1 Supersymmetry Transformation of αα and B˘
µ˙
β
We cannot obtain the supersymmetry transformation for αα and B˘
µ˙
β directly from DDR.
But we find -ǫαβ∂µ˙aβB˘
µ˙
α this term in action (Eq.(17)) can give us some information
to determine the supersymmetry transformation for B˘ µ˙β . Firstly, the supersymmetry
variation of −ǫαβ∂µ˙aβB˘
µ˙
α will become
−ǫαβ∂µ˙δǫaβB˘
µ˙
α − ǫ
αβ∂µ˙aβδǫB˘
µ˙
α . (45)
Because the other terms in action do not create aα to cancel the second term of Eq.(45)
from supersymmetry transformation, the only one way is to use partial integration by
part to delete it (so it needs ∂µ˙δǫB˘
µ˙
α = 0). Fortunately, we have one simple candidate
for δǫB˘
µ˙
µ is ǫ
µ˙ν˙ρ˙∂ν˙δǫbµλ˙ (We already know supersymmetry transformation for bµλ˙ on M5-
brane.). From the above discussion, we know
δǫB˘
µ˙
α = −iǫ
µ˙ν˙ρ˙ǫΓαΓλ˙∂ν˙Ψ(δρ˙
λ˙ + g∂ρ˙b
λ˙) + igǫµ˙ν˙ρ˙ǫΓαΓ
IΓ1˙2˙3˙∂ν˙Ψ∂ρ˙X
I . (46)
After many trivial but long calculations, we calculate
δǫS = −
1
2
igδǫΨΓ
αΨ∂µ˙B˘
µ˙
α − igǫ
αγǫΓ2Γν˙Ψ∂γb
ν˙∂µ˙B˘
µ˙
α
+igǫαγǫΓ2Γ
IΓ1˙2˙3˙Ψ∂γX
I∂µ˙B˘
µ˙
α
+ǫαγδǫaγ∂µ˙B˘
µ˙
α . (47)
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Hence, we can get supersymmetry transformation of aβ,
δǫaβ = −
1
2
igδǫΨΓ
αΨǫαβ + igǫΓ2Γν˙Ψ∂βb
ν˙
−igǫΓ2Γ
IΓ1˙2˙3˙Ψ∂βX
I , (48)
where
δǫΨ = ǫΓ
IΓADAX
I +
1
2
gǫΓIΓ2ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
I
−
1
2
ǫΓν˙ρ˙Γ2Fν˙ρ˙ −
1
2
ǫΓν˙ρ˙ΓαHαν˙ρ˙ − ǫΓ1˙2˙3˙
(
1
g
+H1˙2˙3˙
)
−
g2
2
ǫΓIJΓµ˙{X
µ˙, XI , XJ}+
g2
6
ǫΓ1˙2˙3˙ΓIJK{XI , XJ , XK}. (49)
3.2.2 Linearized Supersymmetry Transformation
This theory has 16 additional fermionic symmetries δχ, which shifts the fermion by a
constant spinor
δχΨ = χ, δχX
I = δχb
µ˙ = δχaµ˙ = 0. (50)
We also get this fermionic transformation of aα,
δχaα = −
i
2
gχΓβΨǫαβ . (51)
These two supersymmetry transformations (δǫ, δχ) are all nonlinear, which means that
the supersymmetry transformations have constant spinor terms. When all fields vanish,
the transformation does not vanish. This kind of SUSY is actually a broken SUSY. This
result comes from the background effect. After excluding the background effect, we can
linearize the supersymmetry transformation,
δ ≡
1
g
δχ→Γ
1˙2˙3˙
ǫ + δǫ, (52)
then we get linearized supersymmetry transformation of aα,
δaα = δaµ˙→α +
1
2
δΨΓβΨǫαβ. (53)
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On the other hand, the δΨ do not have 1
g
term,
δΨ = DαX
IΓαΓIǫ+Dµ˙X
IΓµ˙ΓIǫ+
1
2
gǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
IΓ2ΓIǫ
−
1
2
Fν˙ρ˙Γ
2Γν˙ρ˙ǫ−
1
2
Hαν˙ρ˙Γ
αΓν˙ρ˙ǫ−H1˙2˙3˙Γ1˙2˙3˙ǫ
−
g2
2
{X µ˙, XI , XJ}Γµ˙Γ
IJǫ+
g2
6
{XI , XJ , XK}ΓIJKΓ1˙2˙3˙ǫ. (54)
3.2.3 Supersymmetry Transformation of Bˆα
µ˙ Field
Since Eq.(17) is at most quadratic in B˘α
µ˙ so we can do Gaussian integration. Classically,
it is equivalent to replace the field B˘α
µ˙ in action by its solution of EOM (Bˆα
µ˙). Now we
worry the supersymmetry transformation of Bˆα
µ˙ may be different. In fact, δǫBˆα
µ˙ is equal
to δǫB˘α
µ˙ with the additional terms proportional to EOM of some fields. The difference
what we get is,
δǫBˆα
µ˙ = δǫB˘α
µ˙ − 2(M−1)µ˙ν˙ αβ(δǫΨ|Bˆ)ν˙
β(EOM of Ψ), (55)
where
(δǫΨ|Bˆ)ν˙
β ≡
1
2
ǫΓρ˙λ˙Γβǫσ˙ρ˙λ˙Vν˙
σ˙ − gǫΓIΓβ∂ν˙X
I , (56)
which is the coefficient of Bˆν˙
β in δǫΨ.
The EOM of Ψ is
(EOM of Ψ) =
i
2
Γα∂αΨ+
i
4
gΓ2ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙Ψ−
i
2
gΓαBˆα
µ˙∂µ˙Ψ
+
i
2
Γρ˙Dρ˙Ψ+
i
2
g2Γµ˙Γ
I{X µ˙, XI ,Ψ} −
i
4
g2ΓIJΓ1˙2˙3˙{XI , XJ ,Ψ}.
(57)
This relation (55) also implies
δǫ(M
αβ
µ˙ν˙ Bˆβ
ν˙ −W αµ˙ ) = 0, (58)
which means that we can write down a simpler form than Eq.(55). This simpler form can
be understood as the δǫB˘α
µ˙ with the additional terms proportional to EOM of fermionic
field. On the other hand, the another fermionic symmetry of Bˆα
µ˙ is easy to calculate,
δχBˆα
µ˙ = 0. (59)
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After integrating out B˘α
µ˙ field, the supersymmetry transformation of fermion is just
to replace B˘α
µ˙ with Bˆα
µ˙. Now we get all supersymmetry transformation of fields on
D4-brane in the large C-field background. We hope to use the handle to open the new
directions for the researches of Dp-brane in the large (p − 1)-form background in the
future.
3.3 Super Algebra and Central Charges
To compute super algebra, we start to calculate the super charge of the D4-brane in the
large C-field background 5 6. The super charge Q is calculated from the spatial integral of
the time component of supercurrent J0, where J0 is defined by this way ǫJ0 = −δΨΓ0Ψ.
The anticommutator of the supercharges is
{Q,Q} = 2
∫
d4x T00 +
5∑
n=0
∫
d4x Zn. (60)
Here, we divide it into two parts: the energy part and the central charges part.
The energy part is
T00 =
1
2
D0X
ID0X
I +
1
2
(DaX
I)2 +
1
4
g2Fµ˙ν˙F
µ˙ν˙∂ρ˙X
I∂ρ˙XI +
1
2
g2Fµ˙ν˙F
ν˙ρ˙∂ρ˙X
I∂µ˙XI
+
1
4
H0µ˙ν˙H0
µ˙ν˙ +
1
4
(H1µ˙ν˙)
2 +
1
4
(Fµ˙ν˙)
2 +
1
2
(H1˙2˙3˙)
2
+
g4
4
{X µ˙, XI , XJ}2 +
g4
12
{XI , XJ , XK}2. (61)
We classify the central charges part according to the number of the scalar fields we
choose to turn on. In order to compare with the BPS solutions in the next section, the
momentum term (T0a, a = (1, µ˙)) is included in the central charges. Let us now describe
each terms of Zn. The convention of indices here are a¯ = (0, µ˙).
Z0 = H0µ˙ν˙H
µ˙ν˙aΓ0Γa −H0ν˙ρ˙F
ν˙ρ˙Γ2Γ0 + Fρ˙λ˙H1σ˙ω˙Γ
ρ˙Γλ˙σ˙ω˙Γ12. (62)
5In this section, we follow the methods mentioned in the papers [18, 19].
6In the papers [19, 20], the author calculates the central charges from the superalgebra of the NP
M5-brane theory, and performs DDR to get the central charges of D4-brane theory in the large B-field
background. He also provides more details with the interpretation of these central charges.
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We find HH on M5-brane becomes FF˜ and HH on D4-brane. From the D4-brane
perspective, FF˜ can be thought as the charge of a D0-brane within the worldvolume of
the D4-brane and HH can be thought as a pp-wave intersected a D4-brane.
Next, we have
Z1 = −gǫ
µ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
ID0X
IΓ2Γ0 + 2D0X
IDaX
IΓ0Γa +
1
3
DaX
IHbcdΓ
abcdΓI
+
g
6
ǫµ˙ν˙ρ˙Fν˙ ρ˙∂µ˙X
IHbcdΓ
2bcdΓI +DaX
IFν˙ρ˙Γ
a2ν˙ ρ˙ΓI
+Dµ˙X
IH0λ˙σ˙ǫ
ν˙λ˙σ˙Γ21µ˙ν˙ΓI . (63)
The (DX)H term corresponds to the charge of F1 ending on D4 solution. If we consider
one scalar field is active and assume that this scalar is a function of only four of the
spatial worldvolume coordinates of the D4-brane. On the other hand, g
6
ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
IHbcd
and Dµ˙X
IFν˙ρ˙ terms correspond to our BPS solution with two types of magnetic charges.
When two scalar fields are turned on, we will need to consider Z0, Z1 and Z2, where
Z2 is defined by
Z2 = DaX
IDbX
JΓabΓIJ + gǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
IDbX
JΓ2bΓIJ + 2g2Dµ˙X
I{X µ˙, XI , XJ}ΓJ
+2g2D0X
I{X ν˙, XI , XJ}Γ0Γν˙Γ
J +
g2
2
H0ν˙λ˙{Xµ˙, X
J , XK}Γµ˙ν˙λ˙ΓJKΓ0
−g2H1ρ˙ν˙{X
ν˙ , XI , XJ}Γ1ρ˙ΓIJ − g2Fρ˙ν˙{X
ν˙ , XI , XJ}Γ2ρ˙ΓIJ
−g2H1˙2˙3˙{X
µ˙, XI , XJ}Γµ˙Γ
IJΓ1˙2˙3˙. (64)
We see the first term DaX
IDbX
J corresponds to the charge of the 2-brane vortex living
on the D4-brane worldvolume.
We also have
Z3 = g
2DaX
I{X µ˙, XJ , XK}ΓaΓµ˙Γ
IJK +
g3
2
ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
I{X λ˙, XJ , XK}Γ2Γλ˙Γ
IJK
−g2Da¯X
I{XI , XJ , XK}Γa¯ΓJKΓ1˙2˙3˙ −
g2
6
H1ρ˙λ˙{X
I , XJ , XK}Γ1ρ˙λ˙ΓIJKΓ1˙2˙3˙
−
g2
6
Fρ˙λ˙{X
I , XJ , XK}Γ2ρ˙λ˙ΓIJKΓ1˙2˙3˙ + g
4{XI , XJ , X µ˙}{XI , XK , X ν˙}Γµ˙ν˙Γ
JK
(65)
13
and
Z4 = −
g2
3
D1X
I{XJ , XK, XL}Γ1ΓIJKLΓ1˙2˙3˙
−
g3
6
ǫµ˙ν˙ρ˙Fν˙ρ˙∂µ˙X
I{XJ , XK , XL}Γ2ΓIJKLΓ1˙2˙3˙
+g4{X µ˙, XI , XJ}{XI , XK , XL}Γµ˙Γ
JKLΓ1˙2˙3˙
−
g4
4
{X µ˙, XI , XJ}{Xµ˙, X
K , XL}ΓIJKL. (66)
The charge g
2
3
D1X
I{XJ , XK , XL} is equipped with 3-bracket on D4-brane. The geom-
etry of the M5-brane is similar with the situation of the C-field modified Basu-Harvey
equation as a boundary condition of the multiple M2-brane theory [14].
Finally, the last of Zn is
Z5 = −
g4
4
{XI , XJ , XK}{XI , XL, XM}ΓJKLM . (67)
This term is relevant only if we turn on all scalars X6, · · · , X10.
4 BPS Solutions
In this paper, we only consider pure bosonic solitons, namely those with the fermion field
Ψ = 0. The BPS condition is therefore simply that the supersymmetry transformation
of Ψ (eq.(54)) vanishes for some supersymmetry parameters ǫ. We systematically study
BPS solutions by classifying them according to the number of scalars that are turned on.
Most of these BPS solutions are directly derived from the NP M5-brane by DDR. So
we do not write down the details of these solutions. We divide two parts of this section
here. In the first part, we mention the BPS solutions on D4-brane which are derived
from the NP M5-brane directly and discuss the instanton solution particularly. The next
part is to discuss the BPS solutions after we turn on one scalar field (X6). This solution
is called BPS solution with two types of magnetic charges, which can be understood as
D2 ending on D4 in geometric viewpoint. This solution can be related to self-dual string
solution on M5-brane from “non-linear superpositions”. In order to emphasize it, we put
this solution in a new section.
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4.1 Solutions via DDR from the NP M5-brane BPS States
Some solutions are easy to be derived from the NP M5-brane by DDR, so we do not
write down the details from these solutions. From the NP M5-brane theory, we have
obtained M-waves, the self-dual string (M2 ending on M5), tilted M5-brane, holomorphic
embedding of M5-brane and the intersection of two M5-branes along a 3-brane BPS
solutions. We classify these solutions in the previous paper [7] with the number of scalar
fields we turn on. When we turn off all scalar fields, we get M-waves (Light-Like) BPS
solutions. If we turn on one scalar field X6, we get the self-dual string (M2 ending on
M5) and tilted M5-brane BPS solutions. When we turn on two scalar fields X6 and X7,
we get holomorphic embedding of M5-brane and the intersection of two M5-branes along
a 3-brane BPS solutions.
After doing double dimensional reduction, it directly obtains these BPS solutions on
D4-brane from the above solutions. We can obtain pp-wave, F1 ending on D4 solution,
tilted D4-brane, holomorphic embedding of D4-brane and the intersection of two D4-
branes along a 2-brane. The light-like BPS solutions in M5-brane theory give the pp-wave
BPS solutions and the trivial instanton solution on D4-brane 7. The BPS solutions with
turning on one scalar field X6 on M5-brane can be related directly to the F1 ending on
D4 and the tilted D4-brane BPS solutions in D4-brane theory. Finally, the BPS solutions
with two scalar fields on M5-brane can be reduced to the holomorphic embedding of D4-
brane and the intersection of two D4-branes along a 2-brane BPS solutions in D4-brane
theory.
4.1.1 Instanton Solution
Even if these solutions can easily be derived from BPS solutions in the NP M5-brane
theory. There is still an interesting issue about the BPS stares of D0-brane (instanton) 8
exists whether or not. In these solutions, we do not have a non-trivial instanton solution
in the large C field background after we do DDR. To emphasize the reason, we show the
detail calculation on this solution. The instanton solution on D4-brane can be related to
the light-like BPS solution in the previous paper [7]. The BPS solution satisfies the BPS
7The reason for this instanton solution is trivial will be given latter.
8We call “instanton” because we use the same terminology of D(-1) solutions in D3-brane case.
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condition Γ02ǫ = ±ǫ. After DDR, the BPS conditions are
H0µ˙ν˙ = ±Fµ˙ν˙ , (68)
H1µ˙ν˙ = 0, (69)
H1˙2˙3˙ = 0. (70)
This solution preserves 1
2
SUSY, which can be thought as a D0-brane. The energy density
is bound by | 1
2
H0µ˙ν˙F
µ˙ν˙ |, and it is consistent with the central charge Z0.
Firstly, we impose a gauge fixing condition
b1˙ = b2˙ = b3˙ = 0. (71)
From H1µ˙ν˙=0, we obtain
Bˆ1
µ˙ = 0. (72)
From H0µ˙ν˙ = ±Fµ˙ν˙ , we obtain
Bˆ0
µ˙ = ∓
1
2
ǫµ˙ν˙ρ˙Fν˙ρ˙. (73)
Let us consider the equation of motion eq.(18) without turning on scalar,
−Bˆαµ˙ + ǫ
αβFβµ˙ + gǫ
αβFµ˙ν˙Bˆβ
ν˙ = 0. (74)
This implies
Bˆ0µ˙ = −F1µ˙. (75)
We can get the following relation,
F11˙ = ±F2˙3˙,
F12˙ = ±F3˙1˙,
F13˙ = ±F2˙1˙. (76)
As U(1) gauge theory, we do not have non-trivial instanton solutions 9. So we do not
have non-trivial instanton solutions in the large C-field background 10.
9In five dimensional theory, these relations can be understood as self-duality equations with static
gauge fields and temporal gauge a0 = 0.
10In fact, our effective theory is well defined in a special scaling limit [8], it is still possible that
instanton solutions exist in other limits.
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This BPS solution of M5-brane is a wave which travels at the speed of light on x2
direction. If we do DDR on this direction, we will obtain the trivial solution on D4-
brane in the large C-field background. However, we propose the next possible instanton
solution from combining Γ02ǫ = ±ǫ and Γ026 = ±ǫ. This solution preserves 1
4
SUSY with
D0-brane and F1-string ending on D4-brane interpretation.
4.2 BPS Solution with Two Types of Magnetic Charges
After turning on one scalar X6, we have a new solution which is related to the solution
of the NP M5-brane theory with the “non-linear” way. The BPS condition which we
consider is Γ016ǫ=±ǫ. This solution preserves 1
2
SUSY, and the geometric picture is D2
ending on D4. The energy density is bounded by
|
1
2
ǫµ˙ν˙ρ˙
(
Fν˙ρ˙Dµ˙X
6 − gFν˙ρ˙H1˙2˙3˙∂µ˙X
6
)
|, (77)
and it is consistent with the central charges on D4-brane.
This solution up to first g order is 11,
X6 = ±
[
m2
a
+ g
m1m2
a4
+O(g2)
]
, (78)
bµ˙ = −
m1
a3
xµ˙ + g
(
−
m21
a6
+
m22
a4
)
xµ˙ +O(g2), (79)
Fν˙ρ˙ = −ǫν˙ ρ˙µ˙
m2
a3
xµ˙ +O(g2), (80)
where the notation a is
√
x2
1˙
+ x2
2˙
+ x2
3˙
.
From this solution, we can know it contains two types of magnetic charges. The
one (QM2=-4πm2, where m2=
k2
(2π)
3
2 T
2
5
D4
) is from F µ˙ν˙ and another (QM1=-4πm1, where
m1=
k1
(2π)
3
2 T
3
5
D4
) is from H1˙2˙3˙. And we see two charges have the interaction from the re-
sults of the first-order expansion. The reason is due to Fν˙ρ˙. This field strength offers
interaction between aµ˙ and bν˙ from the first-order term. This interaction is due to the
strength of Nambu-Poisson bracket so this interaction disappears if g=0. We also find
an interesting connection between this solution and solution of Ref. [21], which is called
11Here, B˘α
µ˙ = 0.
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Furruchi-Takimi (FT) solution in this paper. We find this solution is just a “non-linear
superposition” of FT solution, if we integrate FT solution with respect to x2
12,
∫
X
6(FT )
(0) dx2 =
∫
m
r2
dx2 =
mπ
a
, (81)∫
H
(FT )
(0)1˙2˙3˙
dx2 =
∫
−2mx2
r4
dx2 = 0, (82)
where X6(0)
(FT ) and H
(FT )
(0) are the zero-order of FT solutions. When m2=mπ, two solu-
tions are the same. We can interpret our zero-order solutions are just linear superposition
of the zero-order of FT solutions. If we examine the first-order solutions, we find two
solutions cannot be the same from integration. Due to the strength of Nambu-Poisson
bracket breaks the linear superposition effect, we interpret this soliton solution is a “non-
linear superposition” of FT solution.
We also find an ansatz from the perturbative solutions.
bµ˙ = f (a)xµ˙,
X6 = h (a) ,
F µ˙ν˙ = ǫµ˙ν˙ρ˙
C
a3
xρ˙, (83)
where C is an arbitrary constant. From the perturbation, we observe F µ˙ν˙ should be a
function of a. And we have dF = 0 this restriction. The only one possible ansatz should
be monopole solution for field strength. It creates a source on the origin. The function
of f(a) and h(a) need to satisfy
df
da
= −
a4f(3 + 3gf + g2f 2)(gf + 1)2 + gC2(gf + 1)
a (a4(gf + 1)4 + C2g2)
, (84)
dh
da
=
Ca2
a4(1 + gf)4 + C2g2
. (85)
If we want f and h are smooth function, we need gf(0)+1=0 this constraint on the
origin. We find the only one smooth solution on this boundary condition, but it does not
12We do integration before we perform DDR on x2 this direction so the range of x2 is from −∞ to∞.
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have finite energy.
bµ˙ = −
1
g
xµ˙,
X6 =
a3
3Cg2
+
E
Cg2
,
F µ˙ν˙ = ǫµ˙ν˙ρ˙
C
a3
xρ˙, (86)
where E is an arbitrary constant. We think this ansatz is not good enough to probe the
non-perturbative soliton solution and this solution should be the tilted D4-brane BPS
solution. But it is still an interesting problem to find an exact solution to describe this
soliton solution near origin in the future.
5 Conclusion and Discussion
In this paper, we give more details of the low energy effective theory for D4-brane in the
large C-field background. When theory couples with matter fields, there are not only
U(1) and VPD gauge symmetry but also supersymmetry. We obtain the supersymmetry
transformation of all fields in the low energy effective theory. In the previous paper [8],
we did not point out how to calculate the supersymmetry transformation law after the
duality transformation. After the duality transformation, the interpretation of Bα
µ˙ field
was changed. We should treat the field Bα
µ˙ to be the new field B˘α
µ˙ in the dual action.
So the divergence of B˘α
µ˙ does not vanish. (∂µ˙B˘α
µ˙ 6= 0.) This property helps us to find
the supersymmetry transformation of aα, which comes from the duality transformation.
After obtaining all supersymmetry transformation laws, we also check the Lagrangian
being supersymmetrical invariant. Now, the full supersymmetry of this effective action
is completely understood in this work.
Moreover, we are also interested in the topological quantities of this theory so we
calculated the central charges from supercurrent. These central charges let us know the
possible topological solutions. In the last section, we studied BPS solutions of the effective
field theory for D4-brane in the large C-field background. The large C-field background
turns on new interactions on the D4-brane worldvolume through the Nambu-Poisson
structure, and modifies some of the BPS configurations. Most of them correspond to
the double dimensional reduction of the BPS solutions in the NP M5-brane theory so we
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just mention them without details. On the other hand, we also found a new perturbative
solution which was not directly related to the self-dual string BPS solution in the NP
M5-brane theory [7, 21] after we do DDR. It is related to the self-dual string solution
with “non-linear superpositions”. This geometric picture can be easily understood as D2
ending on D4.
We did not find the instanton solutions in this effective theory. Originally, we are
interested in the topological quantities because of the well-known U(1) instanton solution
of D-brane in the large NS-NS B-field background [12, 22]. We wonder if there is a similar
U(1) instanton solution in the large C-field background. However, we cannot find it in 1
2
BPS states. But this solution may survive in 1
4
BPS solutions.
Finally, it is still an open question: how to generalize our work to all Dp-brane in all
R-R field backgrounds with matter fields. If the generalization is successful, it is possible
to find new BPS states. These work help us to understand more about the geometrical
structure of the Nambu-Poisson gauge theory and open the new direction on Dp-brane
in the R-R field background.
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